Abstract some possible ways for the study of the contributions of some background fields to the bulk Casimir energy have been probed in the framework of the 5D heterotic M-theory.
5D heterotic M-theory fields
In the Horava?itten formulation of M-theory [1, 2] , the gauge fields of the standard model are confined on two 9-branes located at the end points of an S 1 /Z 2 orbifold. The 6 extra dimensions on the branes are compactified on a very small scale, close to the fundamental scale, and their effect on the dynamics is felt through moduli fields, i.e. 5D scalar fields. A 5D reduction of the Horava?itten theory and the corresponding brane-world cosmology is given in [3, 4, 5] .
In the 11D theory, the supergravity multiplet consists of the graviton, gravitino and the field C. The total bulk field content of this 5 dimensional theory is given by the gravity multiplet (g αβ , A α , ψ i α ) together with the universal hypermultiplet (V, σ, ζ,ζ). V is the Calabi-Yau volume. After the dualization, the three-form C αβγ produces a scalar field σ. The 5 dimensional effective action can be written as [4] S 5 = S bulk + S bound
Where
And
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where
ρσ and the expansion coeffecients α i are
with the Calabi-Yau volume V defined as
where g (6) is the determinant of the Calabi-Yau metric. When we don't consider the zeta-field, the C-field itself is zero. When the zeta-field is considered, the C-field is described through the following relations:
Where n α is a unit vector in the direction of dz, ε ABC is a 3-form where
on ∂M, we have the following boundary conditions for the C-field:
ǫχΓ ABC χ on z = 0 (9)
ǫχΓ ABC χ on z = 1 (10) Where the term
ǫχΓχ belongs to the gaugino condensates. Comparing the boundary conditions with (6) we have
Background ζ field and graviphoton
Gaugino condensates mean that the gaugino vacuum expectation value is not zero which breaks supersymmetry. The gaugino condinsates lead to a background ζ field. So, we have a background V field (the size of Calabi-Yau space), a background ζ field and a background metric. In order to investigate the contribution of the background ζ field we take the following nonlinear sigma model lagrangian
We try to include the gauge vector field A (graviphoton) of the gravity multiplet (g µν , ψ µ , A µ ) into the universal hypermultiplet and see if it has a little contribution. We do that by making the following transformation for the universal hypermultiplet lagrangian (13) ∂σ → ∂σ − 2αA (14) So, the lagrangian becomes:
We are interested only in terms containing A. That means
We make the following perturbations for the universal hypermultiplets:
where ǫ is small. After some calculations we find
Integration by parts for the cross terms we get
The lagrangian (15) has a global symmetry so it leads to a nonrenormalizable theory. On the contrary, L A is gauge invariant with local U(1) symmetry. We need an expression for the lagrangian in which the A field is separated so we can see its own contribution. Let's introduce a gauge fixing term, which breaks the gauge symmetry, to omit the undesirable cross terms:
Where A µ is a gauge field and w is a conformal factor defined by
So that flat space is at σ = 0 and the 5D physical metric
is at σ = 1. Now we can write
So the gauge fixing term removed only some cross terms but not all of them. A possible reason is that this is due to a wrong choice for the gauge fixing term. The addition for the faddeev-Popov term will not help. We try to perturb the ζ field in addition to taking the gravitational part
into account. We will not perturb R as we have been assuming a fixed background metric. The coupling between the universal hypermultiplet and gravity multiplet can't be taken into account in (24) . A coupling term like CRζ 2 is not allowed in the lagrangian as it breaks the supersymmetric structure of the theory, Although it should be taken into account. Being working in the framework of heterotic M theory means we are restricted to start with a supersymmetric theory and then leave the supersymmetry to be broken dynamically. We have no freedom to add other terms like for example a quadratic term in the curvature (the famous gauss Bonnet term). We now have the lagrangian
Where h now is a vector vanish everywhere except in the z-direction.
Using the Hamiltonian constraint
As it is well known, the dynamics is controlled by the Hamiltonian constraint H = 0 which is the time-time part of the Einstein equations in the 3+1 formalism of General Relativity. We recall that in the 3+1 formalism, Einstein equations are separated into 4 so-called constraint equations corresponding to the time-time and space-time parts, and 6 evolution equations corresponding to the space-space part. The equation obtained from the time-time part of the Einstein equations is called the Hamiltonian constraint, and the ones obtained from the space-time parts are known as the momentum constraints. When written in terms of the extrinsic curvature of the spatial hypersurfaces, the constraint equations have no time derivatives. That means they represent relations that must be satisfied at any given time. Now we take the following background metric ansatz
The gravitational Action now is
Where the primes indicate differentiation with respect to z as all background fields are a function of z. After integration by parts, the action could be written as
Where we have d
The lagrangian (25) can now be written as:
(z) and n = 1 in the direction of z. The Hamiltonian constraint we are going to use is
Where N is the lapse function that we are going to take into consideration. We perform a conformal rescaling on the z-direction using the lapse function as a conformal factor.
Where:
The unit spacelike normal to the brane surface is given as
satisfying the normalization condition
Where the lapse function is the scalar function
For the metric determinant we have
The lagrangian now becomes
Where the prime denotes d/dY . The Hamiltonian constraint (31) leads to
The momenta of the background fields
(40)
(41)
We express the Hamiltonian in terms of the quadratic momenta as
Since σ is a cyclic coordinate, this implies that p σ is constant. We argue also that the quantity (P ζ −iζP σ ) is constant. Now we would like to know the form of the Hamiltonian on the boundary. That means We need to know the boundary conditions for φ, P ω and P φ . For the conformally flat background metric and for the flat brane case, ∂z 1 = 0 so we have:
The boundary conditions for φ and ω could be drived by varying the following actions with respect to φ and ω respectively,
(48)
This yields for φ, n.∇φ
Which implies
Using (40), the momentum for the φ − f ield on the boundary is
For K, we have for the case of flat brane
Now we use (see [5] )
So
The momentum for the ω − f ield on the boundary could be written as
Then, the Hamiltonian on the boundary is
The first three terms cancel. We then have
The quantity V P 2 σ + (P ζ − iζP σ )(Pζ + iζP σ ) is a positive definite quantity, this implies that P σ = 0. Since P σ is constant, it vanishes everywhere. Similarly p ζ = 0. The next step is to solve for ω(z) and φ(z). The Hamiltonian now is
We can choose N freely. If we choose N = e −3ω we get
Which is a Cyclic Hamiltonian as it doesn't depend on the coordinates φ or ω independently, but on a combination of them i.e.
Using the Hamiltonian equations, we get
Where byV we mean e −8ω−2 √ 2κφ . That leads to
using the boundary values of P φ and P ω the constant=0. So,
Substituting back in H, we get
Equation (67) 
The solution is
Where φ = φ o at ω = 0. Substituting in (68) we get the following differential equation,
This gives
Making use of e −3ω dY = dz, we finally get
Which is the scaling factor in (26) . Similarly we get for ω(z) and φ(z):
That agrees with solutions in [7] for the bulk dilaton and radion fields
Changing the boundary potential
In M theory, there's a fine tuning between the bulk and boundary potentials to get the flat potential of the radion. If the boundary potential is strong enough then it could be separated into two parts, the first one for the flatness of the radion potential and the second part for the radion stabilzation after summing up with the Casimir potential. Since supersymmetry is not observed in nature, we should incorporate supersymmetry breaking. The idea of including a potential on the positive tension brane coming from SUSY breaking effects has been discussed in [98,99,100]. In [98] , the simplest potential is obtained by detuning the boundary potential U B defined by
so that the potential becomes
Where T = 1 is a SUSY breaking parameter and ψ is the bulk scalar field. We start by modifying the boundary potential in (49). The potential now is multiplied by some constant C The boundary Lagrangian becomes
Consequently, the boundary conditions for φ and ω will be changed as
The momenta on the boundary will be modified to
(81)
Now the Hamiltonian constraint on the boundary gives
The above picture suggests the extra term to be connected with the SUSY breaking where the constant c 2 is a SUSY breaking parameter. SUSY is not broken for c 2 = 1. The additional proposed part of the potential then is coming from SUSY breaking. Now we would like to solve for φ(z), ω(z), σ(z) and ζ(z). Taking ζ real and N = e −3w the bulk Hamiltonian could be expressed as
The Hamiltonian equations q
(89)
Equations (83) Gives
That means P σ is constant, as a special case we consider this constant equals zero. In this case the background field σ is constant and equation (93) becomes
Assuming P ζ | bulk is constant. for c = 1, P ζ | bound vanishes. That means P ζ vanishes everywhere. SUSY breaking generates a varying P ζ . It follows from equation (88) that
which means that the ζ field vanishes everywhere for the c = 1 case. For w(z) and φ(z),the following second order differential equations system valid in the bulk
(96)
We are looking for a solution for the above system. If we set the first brane at z 1 and the second brane at z 2 , then on the boundary we have:
At first, we consider the case for non-broken SUSY. For this case c = 1 and P ζ = 0, then
The solution satisfiying the boundary conditions and the above equations is:
The numerical investigation of the system for the general SUSY breaking case c = 1 shows no solution satisfies the boundary conditions and the field equations. This could be done by plotting the following two quantities Table 1 : The numerical and exact values of w(z) and φ(z) for different points between the first brane at z 1 and second brane at z 2 .
We find B w is decreasing forever and B φ is increasing. Therefore, B w = 0 and B φ = 0 ∀z = z 1 . That means the boundary conditions are not satisfied ∀(z 1 + ǫ) , ǫ > 0. For c 2 < 1, B φ is decreasing. In other words, B φ doesn't change its sign in the closed interval [1, 2] and then it follows from the intermediate value theorem that B φ has no roots in this interval. The same could be shown for B w Where it is decreasing forever for c 2 > 1 and increasing for c 2 < 1. Again the intermediate value theorem implies that there's no roots.
For an analytical investigation, we have 
Which is a contradiction with the basic assumption. The same argument could be applied for B φ . Now we need to solve numerically for the φ(z), w(z), and ζ(z) fields for c = 0 case. The Numerical results are shown in table (2).
Conclusion
some possible ways for the study of the contributions of some background fields to the bulk Casimir energy have been probed in the framework of the 5D heterotic M-theory. The inclusion of the gauge vector field A, the graviphoton, into the universal hypermultiplet has been studied. Using the Hamiltonian constraint, we expressed the Hamiltonian in terms of the quadratic momenta and and we found that P σ is constant. We then studied the boundary conditions for φ P w P φ . We investigated the changing of the boundary conditions through detuning the boundary potential U B . The Hamiltonian constraint leads to an extra term related to susy breaking. The numerical investigation of the system for the general SUSY breaking case shows no solution satisfies the boundary conditions and the field equations.
